We show that a current T on an open set U ⊂ C n is a real holomorphic k-chain if and only if T is locally real rectifiable, closed and has H 2k -locally finite support. This result is applied to get some results about homology classes represented by algebraic cycles.
Introduction
A holomorphic chain on a complex manifold is a formal finite linear combination of some irreducible holomorphic subvarieties with integer coefficients. Since every holomorphic variety V of dimension k naturally defines a closed integral current [V ] of type (k, k), it is a natural question to ask if these three properties suffice to characterize holomorphic chains. For closed positive integral currents, the problem was solved by King ([13] ). For general closed integral currents of type (k, k), the problem was almost solved by Harvey and Shiffman ([12] ) but with a hypothesis on the support of currents. Harvey and Shiffman conjectured that this hypothesis was not needed, but they were unable to overcome it. Finally this problem was solved by Alexander ([2] ). The case for holomorphic chains with real coefficients is quite different from the integral case. Being closed, type (k, k) and real rectifiable are not enough to characterize holomorphic chains with real coefficients. In this case, we really need restriction on the support of currents. We solved this problem for positive closed real rectifiable currents in [18] , and in this paper, we solve this problem completely for closed real rectifiable currents of type (k, k). Our main result is following. Theorem 1.1. Let U be an open subset of C n . A current T is a real holomorphic chain on U if and only if T ∈ RR loc k,k (U) is closed and spt(T ) is H 2k -locally finite.
From this result, we are able to generalize the structure theorem of Harvey and King (Theorem 4.8) and some results about stable currents of Harvey and Shiffman. We are interested in this problem not only because it is a natural question to ask, but it also has some applications in our study of algebraic cycles, tightly related to the Hodge conjecture.
For example in Proposition 4.1, we prove that on a complex projective manifold, if a d-closed smooth form e considered as a current can be written as
where R is a current such that the (k, k)-part R k,k of R has finite mass and H 2k -locally finite support, then e is homologous to some algebraic cycle with real coefficients. Application of methods from geometric measure theory to study algebraic cycles is very fruitful, some papers that are especially inspiring to us including [3, 4, 8, 9, 10, 11, 13, 14, 15] . This paper is organized as follows. We follow Alexander's strategy to prove our main result by induction. Section 2 contains some preliminary results that are needed to prove the case k = 1, and Section 3 completes the induction. Our new key idea is an observation made by the second author that the positive current T ′ associated to a closed real rectifiable current T of type (k, k) with H 2k -locally finite support is actually closed for k ≥ 2. Therefore by our result for the positive case in [18] , T ′ and hence T are holomorphic chains with real coefficients. This in some sense simplifies half of Alexander's proof, but since we use Siu's semicontinuity theorem in an essential way for the positive case, this does not mean our proof is easier, but probably easier conceptually. In Section 4, we use our main result to generalize some results that we proved in [18] and some results in [12] . These include some results about homologically volume minimizing currents, stable currents and stationary currents.
Preliminary results
We first fix some notations that will be used throughout this paper. Let M be an oriented smooth manifold. Let A r (M) be the space of complex-valued smooth r-forms on M and let A Definition 2.1. If K ⊂ M is compact, we define RR r,K (M), the real rectifiable r-currents in K as follows : T ∈ RR r,K (M) if and only if T ∈ E ′ r (M) and for every ε > 0, there is an open subset U of some R n , a Lipschitz map f : U → M and a finite real polyhedral r-chain P (in this article, we assume that simplices are nonoverlapping) with f (sptP ) ⊂ K such that M(T − f * (P )) < ǫ. We define RR r (M), the real rectifiable r -currents in M, as RR r,K (M) where the union is taken over all compact K ⊂ M.
Definition 2.2.
1. The group of locally real rectifiable r-currents in M is
The group of locally realistic currents in M is
We recall the definition of real holomorphic chains.
is said to be a real holomorphic k-chain on U if T can be written in the form T = r j [V j ] where r j ∈ R and V = V j is a purely k-dimensional holomorphic subvariety of U with irreducible components {V j }. The vector space of real holomorphic k-chains on U is denoted by RZ k (U). Also let RZ + k (U) denote the set of positive real holomorphic k-chains on U, i.e., those real holomorphic k-chains with nonnegative coefficients.
In particular, if S is closed in U, we only need to check those a ∈ S.
Lemma 2.5. Let A be a subset of C n and let
In particular, when A is closed in a neighborhood of 0 and π L is a linear map from Let T ∈ RR loc k,k (U) with dT = 0 and spt(T ) is H 2k -locally finite. Let X = spt(T ). Fix an arbitrary point a ∈ X. We may assume a = 0. For I = {i 1 , ..., I k } ⊂ {1, 2, ..., n} where i 1 < ... < i k , we let π I : (z 1 , ..., z n ) → (z i 1 , ..., z i k ) be the projection from C n to C k . It follows from the above lemma that, after a possible linear change of coordinates, each of the planes {z : π I (z) = 0} meets X in a discrete set at 0. Fix I 0 = {1, 2, ..., k} and write π for π I 0 . There exist r > 0 and δ > 0 such that X is disjoint from ∆ ′ (r) × ∂∆ ′′ (δ) where
Then π| X 0 is a proper map from X 0 onto ∆ ′ and, writing z = (z ′ , z ′′ ), the projection π to C k is given by π(z) = z ′ . Also, let π j : ∆ → C where π j (z) = z j be the projection of ∆ to C.
We will prove our main theorem by induction. First, we use the method in [2] to prove the case k = 1 . Now let k = 1 and
. Shrinking r, we may assume the slice T |U ∩ (C × ∆ ′′ (δ)), ρ, r exists as a real rectifiable 1-current supported in K ≡ X ∩ (∂∆ ′ (r) × ∆ ′′ (δ)) and note that, in this case,
Proof. See [5, 2.10 .25].
By the above theorem, we have *
for any r 0 > 0. So we may assume
Since bT (r) is a closed real rectifiable current, the set N = {z ∈ C n : Θ 1 (bT (r), z) > 0} is countably 1-rectifiable. So there exist countably many C 1 -curves, {γ j } , and for each j, there is a H 1 -integrable function, θ j , on γ j such that
Here, γ j = image(c j ), for some C 1 -embedding c j : (0, 1) → U, and the orientation of γ j is induced from the natural orientation of (0, 1).
By a simple computation, we have :
Theorem 2.9. (Area formula) Let M be a H n -measurable and countably n-rectifiable set in R n+k and f be a locally Lipschitz map on
Proof. See [16, section 12] Proposition 2.10. Let θ be a H 1 -integrable real-valued function on γ where γ : (0, 1) → C n is a C 1 -curve and consider the real rectifiable 1-current, γ ∧ θ, where the orientation of γ is induced from the natural orientation of (0,1). We have
Proof.
We now consider the Cauchy transform of the 1-current bT (r) in the coordinate function
For α ∈ π(spt(bT (r))) and |z 1 | < R, |z 1 − α| < 2R, then by making z
Hence by Proposition 2.10,
For almost all α, it is a Federer's result that the slice T (r), π, α exists and is a real rectifiable 0-current, i.e., this slice is given by s j=1 n j [w j ] where w j 's are distinct points in ∆ with π(w j ) = α and n j 's are non-zero real numbers (See [5, 4.3.8] ). Alexander proved a Cauchy formula in [2, pg 125] for bT (r) when T is an integral current. We observe that his proof is actually valid for locally real rectifiable currents of type (1, 1). We state his result in a more general form as follows.
n be an open set and T ∈ RR loc 1,1 (U) be a closed locally real rectifiable current of type
Suppose that the slice bT (r) exists as a closed locally real rectifiable 1-current supported on
1. bT (r)(
2. the slice T (r), π, α exists and equals
Remark 2.13. The integral representing bT (r)(
) converges (absolutely) by Proposition 2.8 and (1).
Lemma 2.14. Suppose that α satisfies the hypothesis of the Alexander's Cauchy formula. Suppose also that the slice T (r), π, α = s j=1 n j [w j ] is non-zero and set w = w 1 . Then there is a representing measure µ for w for the uniform algebra A of functions holomorphic on ∆ and continuous on∆ with supp(µ) ⊂ ∂∆ and µ is concentrated on N, i.e., µ(N) = 1. In particular, supp(µ) ⊂ K.
Proof. Choose a polynomial g such that g(w 1 ) = 1 and g(w j ) = 0 for j > 1. Then for every polynomial f , by the Cauchy formula, we have
Hence f (w) = N f dσ where
is holomorphic on a neighborhood of∆ for all n ∈ N. So each h n can be approximated uniformly by polynomials on∆. Since {h n } converges to h uniformly on∆, by diagonal process and triangle inequality, h can be approximated uniformly by polynomials on∆. Thus, σ is a complex representing measure for w concentrated on N. By [7, T heorem II.2.2], there exists a non-negative representing measure µ for w which is absolutely continuous with respect to σ. Also, µ(N) Lemma 2.16. Let D be a closed Jordan domain in C with rectifiable boundary, K a compact subset of ∂D of positive linear measure, Q a polynomial convex set in C n , f a polynomial in C n , and s a positive integer. Assume that Q = (f −1 (∂D) ∩ Q) and f |Q is at most s−to−1 over points of K (i.e., if λ ∈ K, then f −1 (λ)∩Q has at most s points). Then f −1 (int(D))∩Q is a (possibly empty) pure 1-dimensional holomorphic subvariety of f −1 (int(D)).
Lemma 2.17. For coordinates and the polydisc ∆ chosen as in section 1 for k = 1, there exists an 1-dimensional subvariety V of ∆ such that for L 2 -a.e. α ∈ {λ ∈ C : |λ| < r}, the slice T (r), π, α exists, and is a real holomorphic 0-chain in ∆ with support in V .
Proof. This lemma is a generalization of [2, Lemma 12] for k = 1 and the proof is similar to Alexander's. Assuming that T (r), π, α exists. It follows from the Alexander's Cauchy formula that there is a representing measure supported in K for each z ∈ spt( T (r), π, α ). Suppose that µ is a representing measure for z. If there is some polynomial P such that
which is a contradiction. Hence z ∈ K.
Since H 1 (K) < ∞, by Theorem 2.6 with f replaced by π, there exist a set Q of positive measure in ∂∆ ′ (r) and a positive integer s such that π maps exactly s points of K to each point of Q. We can assume that Q is compact. Since
is also an analytic cover with at most s-sheets of ∆. Thus, V is an 1-dimensional subvariety of ∆ such that z ∈ V for each z ∈ spt T (r), π, α . This completes the proof of this lemma.
Finally, we can apply the argument in the first and second paragraph of [2, pg 135] to conclude our main theorem for k = 1 since Lemma 2.17 and Lemma 2.15 that Alexander applied have their counterparts for locally real rectifiable currents.
Proof of the main theorem
Now suppose that Theorem 1.1 is true for k − 1 where k ≥ 2. We will apply Lemma 3.1 and Theorem 2.9 to reduce the condition of Theorem 1.1 to the condition that T is positive, and complete the proof by [8, Theorem 3.9] . The same argument can be applied in [2] with [8, Theorem 3.9] replaced by [9, Theorem 5.2.1], but our method is simpler. So this simplifies the proof of Alexander. The main reason that enables us to do induction is the following result. is a smooth map. Then T, f, a exists for L n -a.e. a ∈ R n , and
Now we can complete the induction of the proof of our main result Theorem 1.1.
where T is closed and spt(T ) is H 2k -locally finite. Choose r > 0 such that ∆ = ∆(0, r) ⊂ U, and restrict T to ∆(0, r). We only need to show that T |∆ ∈ RR loc k,k (∆) is a real holomorphic k-chain. So we may assume U = ∆. Associate T the oriented real 2k-rectifold (W, θ, T ) (See [18, Def inition 2.8]). Let T ′ ∈ RR loc k,k (U) be the current given by T ′ (ϕ) = W ϕ, ξ dH 2k for 2k-forms ϕ, where ξ(z) = ±θ(z) is a simple 2k-vector which represents the naturally oriented complex tangent plane to W at z for H 2k -a.e. z ∈ W , the sign ± being chosen so that T ′ is a positive current. We will show that T ′ is closed, then the result follows by [18, T heorem 3.9].
First, for each j, 1 ≤ j ≤ n, by [5, pg 437], d T, π j , a = dT, π j , a = 0 and spt T, π j , a ⊂ X ∩ π −1 j (a) for almost all a ∈ B r (0) ⊂ C. By Lemma 2.6, *
Hence X ∩ π −1 j (a) is H 2k−2 -locally finite for almost all a ∈ B r (0). By induction hypothesis, T, π j , a is a real holomorphic (k − 1)-chain for almost all a ∈ B r (0). Let T, π j , a ′ be the positive (k − 1, k − 1)-current associated to T, π j , a . By [5, 4.3.8] , T, π j , a ′ = T ′ , π j , a for almost all a. This implies that T ′ , π j , a is a positive real holomorphic (k − 1)-chain for almost all a.
Second, to check that dT ′ (ϕ) = 0 for all ϕ ∈ D 2k−1 (U), it suffices to consider those forms of types (k − 1, k) and (k, k − 1) because T ′ is of bidimension (k, k). We prove the case (k − 1, k) since the other case is similar. Let ϕ = 4f
By the above observation, we can factor ϕ into four components :
Therefore, by change of variables, we can further assume that
By Lemma 3.1, we have
since T ′ , f, a is a positive real holomorphic (k − 1)-chain and hence closed for almost all a. Therefore by our result in [18] , T ′ and hence T are real holomorphic k-chains. 
Applications
In this section, we are going to generalize some results in [18, Section 4] and [12] . We first give a generalization of [18, Proposition 4 .1] to get rid of the positivity condition on e.
Proposition 4.1. Let X be a complex projective manifold of complex dimension n and e ∈ A n−k,n−k (X) be a d-closed form. If e considered as a current can be written as
where R is a current such that the (k, k)-part R k,k of R has finite mass and H 2k -locally finite support, then e is homologous to some algebraic cycle with real coefficients.
Proof. This is a generalization of [18, P roposition4.1]. In the original proof, we need to additionally assume that R k,k is positive to assert that R k,k is a real holomorphic chain. But by Theorem 1.1, we can directly conclude that R k,k is a real holomorphic chain without the positivity of R k,k . Theorem 4.2. Let X be a complex projective manifold of complex dimension n. Let e ∈ A n−k,n−k (X) be a d-closed form. If e considered as a current is homologous to a d-closed Lipschitz 2k-chain P on X with rational coefficients and the (k, k)-part of P − dG(d * P ) has finite mass, then [e] ∈ H 2k (X; Q) ⊂ H 2k (X; C) is represented by some algebraic k-cycle with rational coefficients on X.
Proof. Again, by Theorem 1.1, we can weaken the hypothesis that the (k, k)-part of P − dG(d * P ) is positive by assuming it has finite mass.
Corollary 4.3. Let X be a complex projective manifold of dimension n. Given a smooth d-closed form e ∈ A n−k,n−k (X). If e is homologous to a Lipschitz 2k-chain P with rational coefficients which is d c -closed, then e is homologous to an algebraic cycle with rational coefficients.
Proof. By assumption, we have
for some b by the dd c -lemma. Clearly, spt(P k,k ) ⊂ spt(P ) and M(P k,k ) ≤ M(P ) < ∞ where P k,k is the (k, k)-part of P . Hence by Theorem 4.2, e is homologous to an algebraic cycle with rational coefficients.
Definition 4.4. Let U ⊂ R
N be an open set. We denote by M k (U) the set of currents of dimension k which are representable by integration on U.
exists and is positive for T -a.e. x ∈ U. [5, 4.1.17] . By [5, 4.1.15 ], S i = f i * g i * S i and this equals (H k ⌊f i (K i ))∧η by [5, page 376, 4.1.25], where η(x) is a simple k-vector associated with T an k (f i (K i ), x) for almost all x ∈ f i (K i ). Thus, we have S = (H k ⌊B) ∧ η and for almost all x, η(x) is a simple k-vector associated with the k-dimensional real linear subspace T an k (B, x). The result follows by [18, T heorem 2.6]. n be an open set and T ∈ N k,k (U) be closed. Suppose that Θ 2k ( T , a) exists and is positive for H k -a.e. a ∈ spt(T ).
If there is a constant
2. If N = {a ∈ U : Θ 2k ( T , a) > 0} is H 2k -locally finite, then T is a real holomorphic k-chain.
Proof.
1. By Corollary 4.6, T ∈ RR loc k,k (U) and spt(T ) is H 2k -locally finite. So by Theorem 1.1, T is a real holomorphic k-chain.
Note that N ⊂ spt(T ) and
Harvey and King proved a structure theorem for positive currents in [10] :
is positive and d-closed. Assume that for each compact set K ⊂ U there exists a constant c > 0 such that n(u, a) ≥ c for all a ∈ spt(u) ∩ K. Then there exists a pure 2k-dimensional subvarieties V of U and positive real numbers a j for each irreducible component
We give an analogous but more general result.
Theorem 4.9. Suppose T ∈ N loc k,k (U) and dT = 0. Assume that for each compact set K ⊂ U there exists a constant c > 0 such that Θ * 2k ( T , a) ≥ c for all a ∈ spt(T ) ∩ K. Then T is a real holomorphic k-chain.
Proof. Clearly, Θ * 2k ( T , a) = 0 for all a ∈ U \ spt(T ). Hence Θ * 2k ( T , a) > 0 for T -a.e. a ∈ U. By [17, T heorem 32.1], T is real rectifiable. Then for any fixed a ∈ spt(T ) and given any r > 0, there is a c > 0 such that
e., spt(T ) is H 2k -locally finite. Thus the result follows by Theorem 1.1.
Suppose that M is a compact oriented Riemannian manifold. In the paper [6] , Federer and Fleming showed that the integral homology groups H * (M, Z) are naturally isomorphic to the homology groups of the chain complex I * (M) with boundary map d. By a simple modification of their proof, we can show that the real homology groups H * (M, R) is isomorphic to the homology groups of the chain complex Re * (M).
We give the real counterparts of the definition of homological volume minimizing current, stationary currents and stable currents that appeared in Section 3 of [12] . 
with r j ∈ R. Then S can be expressed as S 1 − S 2 where S 1 and S 2 belong to RZ + k (X). Let {h t } be a 1-parameter family of diffeomorphisms of X and A = spt(S 1 ) ∩ spt(S 2 ). Since A is a holomorphic subvariety of complex dimension (k − 1), A has S 1 and S 2 measure zero. Hence h t is a diffeomorphism implies that M(h t * S) = M(h t * S 1 ) + M(h t * S 2 ). Let H : h 0 ≃ h y be the deformation from h 0 to h t . By the homotopy formula, we have
where
This shows that M(h t * S) has a minimum at t = 0 and thus S is stable.
The following is a generalization of [12, Theorem 3.2] .
Theorem 4.16. Let X be a compact Kähler manifold. Suppose that γ ∈ H 2k (X, R) has a representative S ∈ RZ + k (X). If γ has a homologically volume minimizing representative
Proof. Since both S and T belong to γ, there exists R ∈ Re 2k (X) such that S = T + dR.
By assumption, M(S) = M(T ). Therefore M(T ) = T ( ] in C. T j converges to T in mass norm, but T is not a holomorphic chain.
